The characterization of record events in a discrete-time random walk model with correlated steps is considered, where the correlations are strong enough to give rise to super-diffusivity and transience. The construct of the model allows various quantities related to record statistics to be calculated exactly, highlighting important differences in behaviour from the simple random walk with independent steps. 2
Introduction
A great deal is known about the statistics of record events for discrete-time processes where the variables are independent and identically distributed; see e.g. [1] . More recently, attention has shifted to consider records in the context of correlated time series such as random walks but still with independent steps (increments). For symmetric walks, or walks with constant drift, much progress has been made concerning the number of records in a given observation interval, as well as details of their duration [2] [3] [4] [5] [6] [7] . Such results find many areas of application [8] .
A natural extension, and the theme of this paper, is to consider records in a discrete-time random walk model with strongly correlated steps resulting in positive reinforcement and persistence of motion, to the extent that the overall dynamics features super-diffusivity and transience. This will impact significantly on the record statistics as compared to random walks with independent steps (or where the correlations between steps are only weak). To define the model studied here, let us denote the position of a walker by the integer variable S  , where 0 S  is the number of steps taken. Starting at 0 0 = , the evolution follows, (2) with 0 N  (this parameter need not be an integer). The step probabilities depend on the current position (and hence the entire previous step history) as well as the number of steps to date. This construct shares important features with several well-established models which feature an element of long-term memory [9] [10] [11] [12] [13] [14] ; see also the discussion in [15] . The limit 0 N → is trivial, in extremis, since every step has the same sign as the (randomly chosen) first step (in other words the motion is ballistic), but the behaviour when 0 N  is far from trivial. The limit N → corresponds to the simple random walk (SRW) with independent and identically distributed (i.i.d.) steps, in a sense to be made precise by example below.
In what follows the focus will be on upper records, registered when 
The implication is that records may never be broken, however long one observes for.
The paper is structured as follows. In Section 2, the key characteristics of the model are summarised. In Section 3, exact results are derived in relation to the number of records for any given observation window, together with the asymptotic behaviour over a long observation window. In Section 4, certain results are presented in relation to the duration of records. Finally, in Section 5, suggestions for future directions of research are given.
Key characteristics of the model
Let us consider the evolution of walks under the action of (1, 2) with starting point 0 0 = . It will prove useful to consider walks conditioned on an intermediary value, = and the solid dots denote the points at which a new record is set. In the ( , ) S S AB reference frame, the directed path starts at (1, 1) and ends at (6, 4 
By setting 0 R = one obtains; 1
This correlator is a product of two functions, one evaluated at time S and the other at time R , rather than a single function of the time difference SR − . It follows directly using (6) that for
It is a feature of this model that the step correlations do not decay, i.e. they remain persistent for all times.
To characterize the asymptotic behaviour as S →, given that (5) implies that
, it is helpful to consider the formal sequence of functions,
which is associated with a given walk. Based on (3) and (4) one has for 0 sr ;
From these results it follows that the conditional variance is zero;
The precise interpretation of this striking result is that,
where
is a realization specific, non-degenerate random variable whose value for a given walk is principally determined by its initial steps. As will be demonstrated shortly, the probability density of Y is given by,
This is, up to a simple transformation, the beta distribution (and not a Gaussian).
There is a transition from a 'concave' to a 'convex' density profile as N varies at the value 2 N = (where the density is uniform). 1 The first two moments are given by,
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As discussed earlier, the limit 0 N → corresponds to ballistic motion with limiting (2) is given by,
The end-point probability or propagator 0 ( , 0) P i S = is then simply given by,
The density (11) follows from (13) in the limit S →. An insightful way to prove (12) is to introduce the variables S A and S B (which need not be integers) such that, (14) one can construct an alternative proof of (10) based on martingale convergence [16] . It is well-known that every path between two given urn states under the action of (14) has the same weight, see e.g. [17] ,   00 00 00
After a change of variables (12) follows.
It was pointed out earlier that the limit N → corresponds to the SRW, although care is needed when the limit S → is also implied. Thus as N → one has from (5) that 2 S S =, which is the well-known diffusive result. Likewise, (3, 4) reduce to 
The distribution and moments of the number of records
The goal is to determine the distribution and moments of the number of records M over an observation window [0, ] T . The presence of correlated steps means that certain mathematical tools used to analyse the independent step case, such as the Sparre-Anderson theorem [2] and ideas from the theory of renewal processes [5, 8] , are no longer readily applicable. However, by exploiting ideas discussed in the previous section one can obtain exact results.
To calculate the probability () 
.
Since the weight of a given walk (12) depends only on its end point, one can write, After some relatively routine algebra one has,
where, 
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In the limit 0 N → this simplifies to 1 2 1 MT =+ , which comes from there being only two possible outcomes, 1 MT =+ or 1 M = , depending on the initial random step, and these occur with equal probability 1 2 . Results for the first few values of T for the case 2 = N are given in Table 1 . The corresponding values for the SRW are also given in Table 1 . One sees that, for 1 T  , the first moment is enhanced due to the positive correlations between steps. To compute the given SRW results one can first take the limit N → in (17, 18) to derive from (16) the concise result,
which is known by other means, see e.g. [8] .
Concerning the limiting behaviour as T →, the dominant contribution to the moments comes from the term involving the function ( , ) 
Thus, using (11), one can derive the asymptotic behaviour of all the moments, e.g., 
Combined with (21) one therefore has,
The logarithmic term is related to the fact that lim 
In this way, using (16), one can define ( ) lim ( )
which was highlighted in the Introduction. Evidently this is non-zero. 3 It is intuitively clear on physical grounds that () PM  must decrease to zero as M → and one has from (26) that,
This limiting behaviour underpins the origin of the logT term in (24).
One can derive alternative expressions to (25, 26) by integrating by parts indefinitely; 3 It is important to note based on (16) and (25) 
By integrating by parts a different way, it is also possible to obtain a recursion which can be solved in terms of a finite summation. In general, the resulting expression is complicated and unwieldy but by way of illustration one has for the case 2 N = (where a significant simplification occurs); 
The duration of records
For the case 1 M = one has from evaluating (26), 
As noted above, this quantity, which is the probability that there is only one record however long one observes, is non-zero. The implication is that a given walk, starting at zero and moving downwards at the first step, may never actually cross the line 0 S = from below (although it may return to it without crossing).
The statement that there is only one record is the same as saying the first record has unlimited duration. To explore this further, let us evaluate the duration 1 l of the first record given unlimited observation time. Consider a walk which starts at 0 0 = 
where the weight function is given by (15) . The probability that the first record has a duration no greater than 21 + L is thus given by,
The probability that the duration is finite is
numerical evaluation shows is less than unity. This is the signature of a defective process, meaning the probability of unlimited duration is non-zero, and by definition (28) gives a non-trivial identity which can be confirmed numerically for general N . For the case 2 N = one has a direct demonstration; thus, 21 1 00 
21
A straightforward extension of this line of reasoning shows the probability that the duration r l of the r-th record is unlimited (given the preceding records are of finite duration) is given by ( ) ( )  =  = = r P l P M r , where the latter quantity is given by (26). One can push the analysis to make more refined statements about the duration of subsequent records, but this is not pursued here.
In the limit N → one can again recover the relevant results for the SRW. Thus (28) reduces to, ) 1 Pl   = and the process is not defective. In other words, for the SRW all records have finite duration with probability one, which reflects the recurrence of the process.
Conclusions
In this paper, a random walk model with correlated steps has been studied in relation to record statistics over a given observation window [0, ] T , with various exact results presented, notably (22) and (26). Although simple in construct, the model has interesting behaviour and illustrates the key message that, when the step correlations are sufficiently strong, the record statistics are distinctly different from those for a random walk with independent or only weakly correlated steps.
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One can imagine extending this work by generalising the probabilistic update rule (2) to align more closely with the models discussed in [9] [10] [11] [12] [13] [14] , all of which exhibit a transition (as an additional parameter is varied) between a regime where the behaviour is diffusive and a regime where the behaviour is super-diffusive [15] . By doing so, however, the weight of a given walk is typically rendered fully path dependent, whereupon much of the analysis presented earlier breaks down. An exact calculation of the record statistics over a finite observation window   0,T is likely to be a much more challenging task in such circumstances. Even to gain insight into the asymptotic behaviour as T → may require fresh ideas and techniques.
